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Abstract
Given a transitive orientation G˜ of a comparability graph G, a vertex of G is a source
(sink) if it has indegree (outdegree) zero in G˜, respectively. A source set of G is a subset of
vertices formed by sources of some transitive orientation G˜. A pair of subsets S; T ⊆ V (G) is a
source–sink pair of G when the vertices of S and T are sources and sinks, of some transitive
orientation G˜, respectively. We describe algorithms for /nding a transitive orientation with a
maximum source–sink pair in a comparability graph. The algorithms are applications of modular
decomposition and are all of linear-time complexity. ? 2002 Elsevier Science B.V. All rights
reserved.
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1. The problem
Let G denote a simple non-trivial connected undirected graph, with vertex set V (G)
and edge set E(G). Write n= |V (G)| and m= |E(G)|. Let G˜ represent an acyclic orien-
tation of G. We say that G˜ is transitive when (v; w); (w; z)∈E(G˜) implies (v; z)∈E(G˜),
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for all v; w; z ∈V (G). A graph that admits a transitive orientation is a comparability
graph. If v has indegree or outdegree zero in G˜ then v is a source or a sink, respectively.
A source (sink) of G is a vertex which is a source (sink) of some transitive orientation
G˜. A source (sink) set of G is a subset of vertices which are simultaneously sources
(sinks) in some transitive orientation G˜. A pair of subsets S; T ⊆ V (G) is a source–sink
pair of G when the vertices of S and T are sources and sinks, respectively, of some
transitive orientation G˜. A source set S is exact when G admits a transitive orientation
G˜ having the vertices of S as the only sources of G˜. Analogously, we de/ne exact
source–sink pair.
The max source number of G, ns(G), is the maximum cardinality of a source set
of G. A source set of maximum cardinality is a maximum source set of G. The max
source–sink number of G, nst(G), is the maximum cardinality of the union S ∪ T of
a source–sink pair S; T of G. In this case, S; T is a maximum source–sink pair of
G. Similarly, we de/ne the min source number and min source–sink number of G.
We refer to source number and source–sink number with the meaning of max source
number and max source–sink number of G, respectively.
The computation of the source number was /rst asked in [4] and described in [1].
In this note, we prove recurrence equations for computing the source number and the
source–sink number of a comparability graph. The proposed equations follow from
modular decomposition techniques and lead to simple linear-time algorithms for com-
puting these parameters. In addition, we describe algorithms for /nding the corre-
sponding transitive orientations that maximize these parameters. However, to achieve
a linear-time bound for the problem of /nding a transitive orientation that maxi-
mizes the source–sink number, additional techniques were required. The proposed
linear-time algorithms are applications of the modular decomposition algorithms [2,3,5],
of the transitive orientation algorithms [6,7], and of the algorithms for source–sink
pairs [4].
2. The equations and the algorithms
We use modular decomposition to prove recurrence equations for computing the
source number, ns(G), a maximum source set, the source–sink number, nst(G), and a
maximum source–sink pair of a comparability graph G. We follow the notation of [8].
A module of a graph G is a subset M of vertices of V (G) such that each vertex in
V (G) \ M either is adjacent to all vertices of M , or is adjacent to no vertex in M .
The empty set, the subsets formed by single vertices of G and the set V (G) are trivial
modules. Say that M is a strong module if, for any other module A, the intersection
of M and A is empty or contains one of the modules. The unique partition of the
vertex set of a graph G into maximal strong modules is used recursively to de/ne
its unique modular decomposition tree T (G). The module M is parallel (P) if G[M ]
is disconnected; M is serial (L) if KG[M ] is disconnected; M is neighbourhood (N )
if both G[M ] and KG[M ] are connected. Similarly, say that G[M] is parallel, serial or
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neighbourhood when M is respectively so. The leaves of T (G) are the vertices of G
and the internal vertices of T (G) are modules labeled with P, L or N (for parallel,
serial, or neighbourhood module, respectively). A graph is prime if it only contains
trivial modules.
The representative graph R[M ] of a module M in the modular decomposition tree
T (G) is the graph induced in G by one vertex from each child Mi of M in T (G).
The representative graph shows whether there are edges in G[M ] between submodules
of M . Note that for a P-module, an L-module and an N -module, the representative
graph is respectively empty, complete and prime. If the modular decomposition is
available, then transitively orienting G reduces to the problem of transitively orienting
each representative graph in the modular decomposition of G.
The following theorem shows how to use the modular decomposition tree T (G)
to compute the parameters ns(G), nst(G) and the sets f1(G), f2(G) which form a
maximum source–sink pair of G.
Theorem 1. Let G be a comparability graph; T (G) its modular decomposition tree
and M a node of T (G). If |M |=1 with V (G[M ])= {v}; then ns(G[M ])=
nst(G[M ])= 1 and f1(G[M ])=f2(G[M ])= {v}. When |M |¿ 1; let M1; : : : ; Mk ; be
the children of M . Then
ns(G[M ])=


k∑
i=1
ns(G[Mi]) if M is P;
maxki=1 ns(G[Mi]) if M is L;
max{
∑
Mi∈S
ns(G[Mi]);
∑
Mi∈T
ns(G[Mi])}; if M is N and
S; T are the exact
source sets of the
two transitive orient-
ations of R[M ];
nst(G[M ])=


k∑
i=1
nst(G[Mi]) if M is P;
ns(G[Mp]) + ns(G[Mq]); if M is L and Mp; Mq; p = q; are
the two children of M having
highest source number;
∑
Mi∈(S∪T )
ns(G[Mi]) if M is N and S; T are the exact
source–sink pair of a transitive
orientation of R[M ];
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f1(G[M ]); f2(G[M ])
=


k⋃
i=1
f1(G[Mi]);
k⋃
i=1
f2(G[Mi]) if M is P;
f1(G[Mp]); f1(G[Mq]); if M is L and Mp; Mq; p = q;
are the two children of M
having highest source number;
⋃
Mi∈S
f1(G[Mi]);
⋃
Mi∈T
f1(G[Mi]); if M is N and S; T are the
exact source–sink pair of a
transitive orientation of R[M ]:
The proof of Theorem 1 is by induction on |M |. According to the type (P, L or S)
of module M , we can describe inductively a suitable transitive orientation that achieves
the claimed value for parameters ns(G[M ]), nst(G[M ]) and that has corresponding sets
of vertices f1(G[M ]); f2(G[M ]) satisfying the required properties.
Note that, in general, the maximality of a source–sink pair S, T does not necessarily
imply that S or T is a maximum source set. However, Theorem 1 constructs a pair
of sets that maximizes both the source–sink pair and the source set of a comparability
graph.
Corollary 1. There exists a transitive orientation with maximum source–sink pair
S; T; such that S is a maximum source set.
The algorithms for computing ns(G), nst(G) and a maximum source–sink pair S; T of
a comparability graph G run from the leaves to the root of the modular decomposition
tree T (G). According to Theorem 1, the algorithms produce the correct assignments
to each node M of T (G). The assignments on the root provide the required answers
for the input graph.
For the complexity analysis, we recall that a transitive orientation of a comparability
graph G and the modular decomposition tree T (G) can be computed in O(n+m) time.
Hence the algorithms can be performed in linear time.
Now, we describe an algorithm that constructs in linear time a transitive orienta-
tion with max source–sink number and max source number in a comparability graph
G. First, note that a straightforward implementation of the algorithm of Theorem 1
would not lead to linear-time complexity. Indeed, that algorithm would require steps
of reversing orientations, for certain types of modules. In order to achieve linear-time
complexity, we construct the desired transitive orientation in two steps. First, we use
the algorithm of Theorem 1, only to compute a maximum source–sink pair S; T . In the
sequel, we apply an algorithm [4] for /nding a transitive orientation with a prescribed
source–sink pair. Both steps can be implemented in linear time.
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For the latter algorithm, denote by G(S;T ) the auxiliary graph constructed in the
following way. Add a vertex u to G, making it adjacent exactly to the vertices of
S ∪ T . Subdivide each edge incident to u in the following way. If the edge is incident
to a vertex of S, subdivide it with one new vertex. If the edge is incident to a vertex of
T , subdivide it with two new vertices. In [4] it is proved that S; T is a source–sink pair
if and only if G(S;T ) is a comparability graph and the restriction to G of any transitive
orientation of G(S;T ) has S; T as source–sink pair.
Apply to G(S;T ) the algorithm by McConnell and Spinrad [6] to obtain an orientation
G˜(S;T ). The orientation G˜(S;T ) is transitive, since the pair of sets S; T is a source–sink
pair of G. Hence the restriction of G˜(S;T ) to G is a transitive orientation of G having
S; T as a source–sink pair. By Corollary 1, this orientation also maximizes the source
number of G.
Finally, note that the proposed algorithms also compute in linear time the weighted
versions of the maximum source and source–sink set problems. In this case, we obtain
the weighted parameters ns(G), nst(G), corresponding to a comparability graph G with
non-negative weights in its vertices as input.
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